CONSTRUCTION OF AN ^4-MANIFOLD ON A PRINCIPAL 

TORUS BUNDLE 



GRZEGORZ ZBOROWSKI 



Abstract. We construct a new example of an A- manifold, i.e. a Riemannian 
manifold with cyclic-parallel Ricci tensor. This condition can be viewed as a 
generalization of the Einstein condition. The underlying manifold for our con- 
struction is a principal torus bundle over a product of Kahler-Einstein manifolds 
with fibre a torus of arbitrary dimension. 



I. Introduction 

In this paper we would like to present a construction of a special kind of Rie- 
mannian manifold called .A-manifold. 

Definition 1. A Riemannian manifold (M, g) is called an A-manifold iff the Ricci 

tensor p of (M, g) satisfies 

Vxp(X,X) = 0, 

for any X G TM. Moreover if the Ricci tensor p is not parallel then (M, g) is 
called a proper A-manifold. 

This condition was first considered by A. Gray in |Graj and then it appeared 
in |Be] where the problem of finding non-homogenous examples with non-parallel 
Ricci tensor was given. 

Recall that Einstein manifold satisfies the condition that the Ricci tensor is 
a constant multiple of the Riemannian metric. It is now easy to see that every 
Einstein manifold is an A-manifold. The first example of an A-manifold which is 
not Einstein was given in |Graj . The first non- homogeneous example was given in 
|Jellj . The main result ( [Jell] . Theorem 3.3) can be stated as 

Theorem 1. On a S 1 -principal bundle S over a Kahler-Einstein manifold, clas- 
sified by the Kahler class of the base, with non-vanishing scalar curvature we can 
construct many Riemannian metrics g c , parametrized by a positive number c, such 
that (S, g c ) is an A-manifold. Moreover for some choices of c (P, g c ) is a proper 
A-manifold. 
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This article gives a generalization of this theorem and the main result (Theorem 
[H]) of the present work can be informally stated as 

Theorem 2. Given a principal r -torus bundle P over a product of Kdhler- Einstein 
manifolds B i} i = 1, ... ,m, classified by Kdhler classes of B i} with positive first 
Chern classes we can construct a Riemannian metric g such that (P, g) is an A- 
manifold. 

Our construction is strongly motivated by |W-Z] where authors prove the exis- 
tence of Einstein metrics with positive scalar curvature on principal torus bundles. 
Also in |PT] authors construct a principal torus bundle with total space being an 
^4-manifold but their construction is different and they obtain only examples with 
two eigenvalues of the Ricci tensor where in the present paper we give examples 
with any number of eigenvalues. 

2. Preliminaries 

We introduce some notational conventions used along the work. Let M, P, B be 
smooth differential manifolds and k G Z. 

• A k (M) - set of differential A;-forms on M. 

• If p : P — > B is a fibre bundle we will refer to it by writing only P for 
brevity. 

• For a (1, l)-tensor field S denote by VS(X,Y) the covariant derivative 
VxS(Y). 

• [X, Y] denotes the Lie bracket of two vector fields. 

In the rest of this section we prove a theorem which will help us to construct 
some ^4-manifolds in the last section of this work. 

Let (M, g) be a Riemannian manifold and t* = j^ 1 , . . . , be a set of linearly 
independent Killing vector fields on M such that «7(£\£ J ) = const, = and 

t* gives a decomposition of TM into distribution spanned by t* and its orthogonal 
complement. Define TjX = Vx£\ i = 1, ■ ■ ■ ,k. 

Lemma 3. Tensor Tj satisfies, for i,j — l,...,k, 

= o, 

L e Tj = 0. 

Proof. For any G t* we have = const, hence for any X G TM we 

have X(g(C, &)) = and 

o = g{Vxe,?)+g(?,VxZ s ) = //(.v.v.C) •//(V.-..Y). 

Since = we have V^- 7 = V^*. This ends the proof of the first equality. 

As for the second, recall that for any Killing vector field X on M and any vector 
fields Y, Z we have 

L X (V Y Z) = V LxY Z + V Y (L X Z). 
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Hence, for any vector field X we have 

{L^)X = L^TjX) - T 3 {L^X) = V ihiX) e + Vjr(K*,tf) ~ T^LpX) = 0. 

□ 

We can state a lemma and a corollary that will be of use in what will follow. 
Lemma 4. With the notation from above we have 

R(X,C)Y = VTi(X,Y), VTi(X,?) = -T^TjX), 
where R is the curvature tensor of (M, g) and X, Y e TM. 

Proof. The proof consists in rewriting the analogous proof from [Jell] for k Killing 
fields. Recall, that for any Killing vector field £ we have 

i?(x,o = v x (vo. 

Hence we have nothing to prove as 

R(X,e)Y = V x T l (Y). 

Since — for i,j = 1, . . . , k we have Vx^K^"') + ^(Vx^) = and there is 
also nothing to prove. □ 

Corollary 1. We have 

p(e,X) = -g(X,tr g Vfy, 
for from above and any X 6 TM. 

We will now prove a theorem which states certain conditions for a Riemann- 
ian manifold to be an ^4-manifold. In the proof we use an equivalent condition 
characterizing A- manifolds QGraj . jJellj ): 

(1) g(V Ric(X, Y),Z) + g(V Ric(Y, Z),X) + g(V Ric(Z, X), Y) = 0, 

for all vector fields X, Y, Z, where the Ricci endomorphism Ric is defined by 
g(RicX,Y) = p(X,Y). 

Theorem 5. Let (M,g) be as in Lemma\^ and Ric the Ricci endomorphism. 
Assume that p e R is an eigenvalue o/Ric and define H = ker (Ric — pld) . Fur- 
thermore, assume that the orthogonal complement 'H ± of rl with respect to g is 
generated by t* and for every i,j = l,...,k we have p(£\£ J ) = const. Then 
(M, g) is an A-manifold. 

Proof. Observe first that if X e TM, Y 6 H and <f G t* then we have 
RicF = pY, VRic(X,F) = -(Ric-/xId)(V x Y), 

k 

Rice = ^4e, 

for some constants c*, i,j — l,...,k. 
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We will now check the condition (Op) for different choices of vector fields. First 
assume, that X,Y,Ze H. Then 

g(VRic(X,Y),Z) = g{-{mc-fjLld)(V x Y),Z) = 0, 

where we use the fact that ZsK. 

Now assume, that X,Y e H and Z G H ± . We can additionally assume that 
Z = f e t*, hence it is Killing. We have g(V Ric(Y, Z),X) = #(V Ric(Y, X), Z) 
and 

g(VRic(Z,X),Y) = g(-(Ri C -fild)(V z X),Y) = 0, 
so remaining components in the cyclic sum ([1]) are 

g(V Ric(X, Y), Z) + g(V Ric(Y, X), Z) 
= <?(-(Ric -/iId)(V x r), Z) + s(-(Ric - M Id)(V Y X), Z) 

(it fc \ 

g(V x Y, c)e) + 9(V Y X, 40 
3=1 3=1 J 

k 

= -n (g(Y, V X Z) + g(X, VyZ)) + ]T c) (g(Y, V x ?) + g(X, Vyf)) = 0, 

3=1 

because X, Y are perpendicular to every £ J and £ 3 ' are Killing, j = 1, . . . , k. 
Now let X = C,Y = «« and Z e TM. We have 

g(V Ric(X, Y), Z) = ^(V x (Ric Y), Z) — g(Ric(V x Y), Z) 

k k 

= jgfrx, z)-J2 4g(TiX, Ric z) = o 
i=i i=i 

by Lemma [3j The same argument is valid for g>(VRic(Y, Z), X) because of the 
symmetry of V Ric. For the last summand of the cyclic sum we have 

g(V Ric(Z, X),Y) = £(Vz(Ric X),Y) — g(Ric(V z X), Y) 

k k 

= J2 c ti(v z e,Y)-j249(v z x,?) 
i=i i=i 

k k 

i=i i=i 

again by Lemma [3J This proves the vanishing of the cyclic sum for Z e TL and 
Z 6 t* and finishes the proof. □ 
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3. Principal torus bundles 

Let (B, h) be a Kahler-Einstein manifold of real dimension n. We will first recall 
some facts about principal ^-bundles. If p : S — > B is a principal circle bundle, 
then denote by 9 G A 1 (S) its connection form and by £ its fundamental vector 
field, i.e. = 1. Thanks to the fact that the Lie algebra of S 1 is the real line 
R this connection form is a real-valued differential form on 5*. Denote by Q = dd 
the curvature form of S. Since Q is projectable, there exists a closed 2-form u on 
B, such that Q = p*u. 

For some positive function / on B we can define a metric on S by 

g f (X, Y) = f 6{X) 9(Y) + p*h(X, n 

where p* denotes the pullback map induced by p. 

With this metric the map p : (S, gf) — > (B, h) becomes a Riemannian submersion 
with totally geodesic fibres. Moreover, assume that / is a constant and u> = — Z T], 
where r is the scalar curvature of (B, h) and n is the pullback of the Kahler form. 
Then (S,gj) becomes an ^4-manifold (see |Jell] for details). 

Let p : P — > B be the Whitney sum of principal S^-bundles Pi,. . . , P r . Then P 
is a T r -principal bundle, where T r is a r-dimensional torus. The connection form 
of P is a differential form with values in the Lie algebra C(T r ) of T r , namely W. 
Components 9 1 , . . . , 9 r of this connection form are pullbacks of connection forms 
on Pi, . . . , P r . With this comes r fundamental fields . . . , £ r which are pullbacks 
of the fundamental fields on Pi, . . . , P r . 

Similarly we can write the curvature form Q of P as Q\ei + . . . + Q r e r G C(T r ) 
where Qi is the curvature form of the S 1 bundle Pj and basis vectors 

for W. Hence, there exists r closed 2- forms Ui on B such that f2j = p*Ui. Pulling 
(cui, . . . , u r ) back along the diagonal map, we get a single 2-form won5 such that 
Q = p*u. 

We now introduce a metric on P which will make p : P — > B a Riemannian 
submersion 

r 

g(X,Y) = b ij e i (X)^(Y)+p*h(X,Y), 

where [bij]lj =1 is a positive definite symmetric matrix. This matrix induces a 
left-invariant metric on T r . 

Proposition 6. In the above situation ^ 1 ,...,^ r are Killing vector fields with 
respect to the metric g. 

Proof. Let £ fc be one of vector fields defined above as pullbacks of fundamental 
fields on P^. First observe, that the Lie derivative L^g depends only on the Lie 
derivatives of 9 l with respect to £ fc 

r 

L^g=J2 bij {L e (9 j ) ® &) + 9 j ® L^)). 
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As L e 6 k = only non-vanishing parts of the above derivative are 

L e 9 l = d(i e 9 l ) + i e d6\ I ^ k. 

Since 9 l (^ k ) = we only have to check values of the 1-form d8 l (^ h ,X) for any X 
in TP. We have 

de\e,x) = e(6 i (x))-x(e i (e)) - x\), 

where the second term is immediately zero. 

Assume first, that X belongs to the horizontal distribution of the connection on 
P. Then 9 (X) = and [£ fc , X] is a horizontal vector field, as £ fc is a fundamental 
vector field. Hence the right hand side vanishes. 

Next, assume that X is vertical. As d9 l is C°°(P)-multilinear we can assume 
that X is just a linear combination of £ x , . . . , £ r . Hence 9\X) is constant and the 
differential vanishes. The Poisson bracket [£ fe ,X] also vanishes as T r is abelian. 
This finishes the proof. □ 

As a corollary of Lemma [3] we get a property of tensors T i; i = 1, . . . , r. 

Corollary 2. The tensor Tj is horizontal, i.e. there exist a tensor Tj on B such 
that T i opi f =p if o Ti. 

4. O'Neill fundamental tensors 

We would like to compute the O'Neill tensor (see |ONj ) A of the Riemannian 
submersion p : P — > B. First observe that fibres are totally geodesic, hence the 
O'Neill tensor T is zero. 

Proposition 7. The vertical distribution of the Riemannian submersion p : P — > 
B is totally geodesic. 

Proof. We have to check that g(VjjV,X) = for all vertical vector fields U,V 
and any horizontal vector field X. Since we are interested only in horizontal 
part of VjjV we can assume that U = V — where i,j G {1, . . . ,r}, since 
V(Z7, V) = VjjV is tensorial in the first variable and 

Vu(fV) = df(U)V + VuV 

for any smooth function /. 

From Tj^ 1 = we get for any horizontal field X 

2g(V#?,X) = 0, 

since the Poisson bracket of any fundamental and vertical vector field is horizontal. 

□ 

Now we proceed to the O'Neill tensor A. 
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Lemma 8. For any vector fields E,F on P we have 

r 

A E F = J2 b ij {g(E,TiF)? +g(?,F)T j E), 

where 6 y are coefficients of the inverse matrix of [6^]? - =1 . 

Proof. From |ONj we have 

A E F = VVueUF + UV HE VF, 

where V and Ft denote the vertical and the horizontal part of a vector field respec- 
tively. 

For any horizontal vector fields X, Y we have 

g(V x Y,C) = Xg(Y,C) - g{Y,V x ?) = g(X,T?\ 

for i = 1, . . . ,r. 

The vertical part of any vector field F is given by 

r 

VF=Y,b l 'g(C,F)e. 

Hence 

(r / r 

i,j=l \ i,j=l 

= g(E,T k F). 
Combining all of above formulae we get 

r 

VVnE-HF=J2 blJ 9(E,T t F)e. 

i,3=l 

To compute the second summand of the O'Neill tensor A we observe, that for 
any function / and any E G TP we have FLV EfC = eC fori = 1, . . . ,r. 
Then 

r 

r 

= J2b tl g(C,F)T J E. 

i,j=l 

□ 
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5. Conditions for P to be an ^.-manifold 

We will check under what conditions a principal T r -bundle P with some Rie- 
mannian metric g satisfies assumptions of Theorem^ An example of a Riemannian 
manifold satisfying those conditions will be given in the next section. The distri- 
bution H from the theorem will be the horizontal distribution of the submersion. 

The first condition we will reinterpret is p(X, V) — for X G T-L and V in its 
orthogonal complement. From Corollary [1] we get 

= p{i\ X) = -g(X, tr 9 VT t ), i = l,...,r. 

Recall, that for i = 1, . . . , r we have Q l = p*u l , where u l is a 2-form on B and 
Q l = d9 l . We obtain an explicit formula for 9 l . First observe that for any X G TP 

r 

g{e,X) = Y,bk^{X), fc = l,...,r. 

i=i 

If we solve this for 6 1 - 7 we get 

r 

d\x) = J2b 3l g(C,x), j = l,...,r, 

8=1 

where V 1 are the coefficients of the inverse matrix of [bji\lj =1 . Taking the differ- 
ential we get 

r 

n\X, Y) = d9 l (X, Y) = 2J2 b lJ g(T 3 X, Y), 

3=1 

where X, Y G TP. As Ti are horizontal for % = 1, . . . , r we get 

r 

(2) tffaX^Y) =2j2b ij Hf j (p*X),p*Y), 

where Tj were defined in Lemma The co-differential of a/ is given by 

m 

*!=i 

where is some orthonormal basis of B. Hence 

r 

(&J)(pi,X) = -2^b ij h{iY h V h f h p*X), i = l,...,r. 
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By a straightforward computation we get for every i — 1, . . . , r 

m 

h(p*X,tr h V h f t ) = (h(p*X, V h Ek (fiE k )) -^X^V^))) 
fc=i 

m 

= J]^(X, Vx fc (T,X fc )) -^(X,T,(Vx fc X fe )) 
fe=i 

= (/(X,tr fl VTi). 

We easily see, that if the condition p(V, X) = is satisfied, then u l is harmonic 
for i = 1, . . . ,r. Moreover, from equations for co-differentials of u l we see that 
if all u\ i = 1, . . . ,r, are harmonic then from non- singularity of the matrix [bij] 
we get that h(tr h V^T^o^X) = ... = h(tr h V h T r ,p*X) = 0. This means that 
g(X, tr g VTj) = 0, i = 1, . . . , r. Hence the condition p(V, X) = is satisfied iff 

(3) bf are harmonic for every % G {1, . . . , r}. 

Remark. Observe that this is the Yang-Mills condition for the principal connec- 
tion 9 of the bundle P. 

The next condition is p{C,&) — const for £ l as above. We reformulate it 
as following. Again using Corollary [TJ we have p(£\&) = —g(^,tr g 'VTi),i,j G 
{1, . . . , r}. This means that 

— g(£ J , tr g VTj) = const. 

But for any orthonormal basis {X/ S }^L 1 of the horizontal distribution H and z G 
{1, . . . , r} we have tr s VTj = Y!k=i (VTj)(X fc , X fc ), so for j = 1, . . . , r we get 

m 

s(e,tr 9 VT) = -^^(VT(X fc ,e),X fc ). 
fc=l 

As VT (Xfc, £ J ) = — TjTjXfc we have 

m 

y^g(TjXjfe,TjXfe) = const, z, j G {1, . . . , r} 
fc=i 

and from the fact that Tj is horizontal for i = 1, . . . , r we get 

m 

(4) 2J/i(T i (X fc )*,T i (X fc )*) = const, z, j G {1, . . . , r}, 

k=l 

where X* is the projection of the vector field X from M to B. It follows that we 
can find a basis {C 1 , . . . , ( r } of the vertical distribution such that Ric( l = 
where Aj G K. and i — 1, . . . , r. 

Now we consider the equivalent condition for 

p(X,Y) = »g{X,Y) 
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where X and Y are in %. 

First let us recall that the tensor A for two horizontal vector fields X and Y is 
given by 

r 

A x Y=J2b ij 9(X,T i Y)^ j . 

We use the formula for the Ricci tensor p of the total space of Riemannian sub- 
mersion from |Bej : 

m 

p(X, Y) = p{X, Y) - 2 9(AxX k , A Y X k ), 

k=l 

where p is the horizontal symmetric 2-tensor given by 

p(X,Y) = p B (p,X,p.Y) 
and pb is the Ricci tensor of B. We can rewrite this as 



m r 



P (X,Y) = p(x,Y) -2j2a(J2 b ll g(x,T t x k )e, b st g(Y,T s x k )e 

fc=l i,j=l s,t=l 



r 



= p(x,Y) -2j2g(J2 E X*)^) 

fc=l i,i=l s,t=l 
m r r 

= p(X, Y)-2J2J2 Wi E hS %tg{TiX, X k )g(T s Y, X k ) 

k =l i,j = l s,t=l 
m r 

= p(X, Y)-2J2J2 bVgfcX, g{TjY, X k )X k ) 

k=l i,j=l 
r 

= p{X,Y) -2j2b ij g(T i X,T j Y). 
As p is symmetric it is determined by its values on the diagonal 

r 

(5) p(X, X) = p(X, X)-2J2 b l3 g(T % X, T 3 X). 

i,3=l 

Fortunately we can express this condition in terms of the metric on the base B as 
p and Ti are horizontal for i = 1, . . . , r. 

6. Construction of an example over Kahler-Einstein base 

In this section we will construct an ^4-manifold on a torus bundle over a product 
of Kahler-Einstein manifolds. We will follow |Jell] and |W-Z] . 

Let (B,gs) be a compact Kahler manifold with positive definite Ricci tensor. 
By a theorem of S. Kobayashi ( |Kol| ) it is simply connected. Moreover, by another 
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theorem from the same work if B has positive first Chern class then Hi(B; Z) = 0. 
Hence if B is Kahler-Einstein with positive scalar curvature the above holds true. 
From the Universal Coefficient Theorem for Cohomology we get that H 2 (B; Z) has 
no torsion. Then we can write the first Chern class c±(B) as an integer multiple 
of some indivisible class a G H 2 (B;Z), say ci(B) = qa, q G Z + \ {0}. We can 
normalize the Kahler metric gs so that the cohomology class of ujb is the same as 
that of 2ita which is equivalent to choosing the Einstein constant to be equal to q. 

By another theorem of Kobayashi ([Ko2j) every principal S^-bundle S over a 
Riemannian manifold is classified by a cohomology class in H 2 (B;7j). In 

fact this class is just the Euler class e(S) of S. Hence every principal T r -bundle 
p : P — t- B is classified by r cohomology classes fti, . . . ,/3 r in H 2 (B;Z). Those 
classes can be described as Euler classes of the quotient principal S^-bundle Pj Si 
over B, where Si is the sub-torus of T r with the i-th S 1 factor deleted in the 
canonical decomposition T r = S 1 x . . . x S 1 , where we take the r-fold product of 
S 1 . 

Theorem 9. Let (Bj,gj) be compact Kahler-Einstein manifolds with Ci(Bj) > 
for j = 1, . . . , m and define a Kahler manifold B — B\ x . . . x B m with metric 
h = Y^Jj=i x j9j where Xj are some positive constants. Let p : P — >■ B be a principal 
T r bundle characterised by $ = YlT=i a ijP r j a j f or i = 1> ■ ■ • > r > where for every 
j G {1, . . . , m} the map prj : B — > Bj is the projection on the j-th factor, a.j is the 
indivisible class in H 2 (Bj]Z) such that Ci(Bj) = qjcej for qj G Z + \ {0} and [a^] 
is a r x m matrix with integer coefficients. Then P with a metric defined by 

r 

g(X,Y) = J2 b ij e i (X)9 j (Y)+p*h(X,Y), 

is an A-manifold, where 9 l are as before and [bij] is some positive, symmetric and 
non-singular matrix of dimension r x r. 

Proof. We assume that % = 1, . . . , r and j = 1, . . . , m along the proof. Moreover, 
we normalize each metric gj so that the Kahler form rjj of gj is in the cohomology 
class of 27TOj, i.e. we rescale the metric so that each Einstein's constant is equal 
to qj. 

Let Pi be the principal S^-bundle over B determined by From Theorem 1.4 
|W-Zj we know, that there exist a connection form 6i on Pj such that 

m 

d9i = ^2a ik p*r]* k , 

k=l 

where rj* = pr*rjj. Since a Kahler form on a Kahler manifold is harmonic we see 
that the condition ([3]) is satisfied. 

Let P be the principal T T bundle obtained as the Whitney sum of Pi, . . . , P r . 
We know that 9i,...,9 r are components of the principal connection on P and 
Qi = d9i is the z-th component of the curvature form on P. Recall that we have 
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fij = p*Ui for some 2-form on B. Comparing the above formula and ([2]) for each i 
we have 



fc=l 



where X, Y e T5. Because ft, is the product metric, the complex structure tensor 
Jj is an endomorphism of TBj and since TB = TB\ © ... © TB m the pull-back J* 
of Jj by prj preserves TBj. Hence we can write rjj(X, Y) = ^-h(J*X, Y). We can 

now define Tj with the following formula 

1 r ( m 1 
k=i \i=i 1 

Since Y7 k =i ^ik a ki are just coefficients of the product of [b ik ] and [a^] which we 
denote by cu we can write the above formula as 



1 m 1 

T * = oJ2- CuJ i- 



i=i 1 



We have to determine what conditions have to be imposed on Xj for (P, g) to be 
an A- manifold. Let us denote by {Xj} some orthonormal basis of B such that 
{Xf}^ is an orthogonal basis of Bj, where rij is the real dimension of Bj. For 
any i, I 6 {1, . . . , r} we have 

^ /i(f;x fc , T,x fe ) = - J] h 1^2 —Ci P j;x k , -ci s r s x k 

k=l k=l \p=l p s=l s J 

^ m m 

= lEE ~^r h ( J p Xfc ' J p Xk ) > 
fe=i P =i p 

where the last equality follows from the above discussion of tensor Jj. We can 
descend further to metrics on Bj-. 



in m a i 

c 

k=l j=l p=l k=l p 

m m 

j=i p =i p 



h(fiX k , fiX k ) = - 2j 2j ^ P 9j(JpX k , J p X k ) 
j=i p =i 

^ m m 

EE 



and we see that the condition (HD is satisfied. 
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Let us look at the equation ([SD denning the other eigenvalue. 

r 

p(X*,X*) = p(X*,X*) - 2 V k g{TiX\T k X*) 

i,k=l 
r 

= p B (X,X) - 2 b lk h{f t X,f k X) 

i,k=l 

= PB {x, x)-lj2 bik [J2 - 2 c ipCkp h{j;x, j;x) . 

/ i,k=i \p=i x p J 

Assuming that X is an element of the local orthonormal frame on Bj we get m 
equations 

m ^f-lt'^P 1 - > 1 »•• 

x i i,k=i x i 

It is now easy to see that we can choose coefficients Xj so that above equations 
are satisfied for any a ik , where k G {l,...,m}, and b ip , where p G {l,...,r}. 
One solution can be obtained if we take for some a s > 0, where 

s G {2, . . . , m}. In this case we have m — 1 equations 



(7) sqi ~ qs = _ 



- g 8 1 ^ a^6 ifc c fc iCii - b lk c ks c is 



or 



— = qi 



if the sum in the right-hand side of (|SJ) is zero. In the second case we just need to 

ns (jZJ) are equi 

a 2 s b ik c kl cn - fe^c^Q, 



take a s = ^ for s = 2, . . . , m. Equations (jZJ) are equivalent to 



2 ^ - <7s 



where s = 2, . . . , m. Hence the positive solution exists iff the following equation 
has a positive solution 



r \ r 



(9) 2qxXi - b ik c kl c a J a 8 - 2a s g s xi + ^ b ik c ks c is = 0. 

\ i,Jfe=l / i,k=l 

This equation has exactly two solutions precisely when the following inequality 
holds 

q\x\ - I 2q x x x - b ik c kx c iX I I &< * c *»Cm I > 0. 
V i,fc=l / \i,fc=l / 
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we see that if we choose x\ big enough then this inequality is satisfied. Moreover, 
from Viete's formulae we have that the two solutions a' s and a" satisfy 

/ , // 2( lsXl 
Ct + 01 = . 

2q\x x - X)i,fc=i b^CkiCu 

Again if we choose big X\ we see that this sum is positive, hence at least one 
solution of OHD * s positive. Concluding, for big enough %i the system flZj) has a 
positive solution. 

We see that the assumptions of the Theorem are satisfied, hence (P, g) is an 
^4-manifold. □ 

Remark. Under further constraints we can observe that some of our „4-manifolds 
are proper. Consider the above construction on T r -principal bundle with matrix 
[a,ij] of rank r. Now observe that VRic = implies Vrji = 0, where rji is an 
eigenvector of the Ricci tensor corresponding to the eigenvalue \ on the vertical 
distribution. Indeed let X be in the horizontal distribution. Then 

= VxRic(^) = -(Ric-Ai)Vx^, 

which means that VxVi is m the vertical distribution, specifically in the eigendis- 
tribution corresponding to the eigenvalue Aj. Since Vi is a linear combination of 
^'s with constant coefficients, VxVi is horizontal. Hence it is zero. 

From the fact that rji = Y? p =i e p£ P an d e p being all constants we see that VxVi = 

iff J2p=i e p^ xi p = 0. We show that Vx^'s are linearly independent for p = 
1, . . . ,r and any horizontal vector field X which is a contradiction with rji being 
non-zero. 

Suppose that for some functions 6j, . . . , b r and horizontal vector field X we have 
(10) h V x e + ■ ■ ■ + KVxC = 0. 

Recall that in the setting from the above theorem 

z 1=1 Xl 

where J z * is a tensor field obtained from lifting the complex structure tensor field 
Ji of the Kahler manifold Mi to P. Now equation (fTOj) becomes 

m r , v 

1=1 p=l v ( / 

If we take X to be some element E\ of the orthonormal basis of M; then for each 

1 = 1, . . . , m we get 



^-MANIFOLD ON PRINCIPAL TORUS BUNDLE 
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and this is equivalent to Ylp=i b p c p i = for each I. We can write this in the matrix 
form as C T b = where C T is the transposed matrix of C — [c^-] and b is the 
column vector [bi, . . . ,b r ] T . Recall that C = BA, where B is the matrix of the 
metric on torus T r and A = [a^], as defined in the above theorem, is of rank r, 
hence C is of rank r. Now we can see that C T b = iff b = and it follows that 
V^ 1 , . . . , V£ r are linearly independent, which is a contradiction with = for 
any % = 1, . . . ,r. 
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